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1. Introduction 

The electrical characteristics of an arc that is produced by a high-current pulse have 
been studied for spark gap switches, lightning and thunder, exploding thin 
conductors, and ignition of a fuel/air mixture in an internal combustion engine. All 
of these arcs have a circular cylindrical channel of an expanding gas that is nearly 
completely ionized at a high temperature and low density. Under these conditions, 
the channel conducts nearly all of the electrical current. The ambient air conducts 
very little electrical current, but there is a cylindrical shock wave expanding through 
it. Flash lamps have all these features except for an expanding shock wave in the 
air. The general approach taken by the early calculations was to assume that the 
channel had a uniform temperature, pressure, current density, and electrical 
conductivity. Nearly all of these theories assume that the channel has an initial 
radius or implies that there is one. They also imply that the total mass of the gas in 
the initial channel is constant. Various approximations were then used to solve the 
equations of motion of the gas for the radius of the channel and the resistance of 
the arc as functions of time.  

Engel et al.1 reviewed these calculations and compared them with the experimental 
results by Akiyama et al.,2 who measured the current for arcs through air at various 
pressures and arc lengths. The resistances for the arcs were then calculated from 
the current and a circuit model of the experiment. The resistance was high at the 
start of the arc, decreased to a minimum near the peak current, and slowly increased 
afterward. Engel chose one of the results for comparison with a number of theories. 
Most of the reviewed theories approximated the resistance of the arc up to about 
the peak current. Some of the theories had to be scaled, but some of the scaling may 
not be justified. Most of the reviewed theories gave a resistance that continued to 
decrease after the maximum current. The few theories that gave an increasing 
resistance did not increase as much as the experimental result. An agreement for 
the resistance at all times was achieved by combining 1) Engel’s proposed equation 
for time dependence of the radius that is an integral of a function of the current and 
2) an equation in one of the reviewed theories3 that gave the resistance of the arc as 
a function of the current. A close examination of the current and the circuit model 
used by Akiyama et al.2 to derive the arc resistance, however, showed that this arc 
resistance can be questioned. 

A detailed numerical study of an arc came from the research on thunder and 
lightning.4 This study is an extension of an earlier finite element model for shock 
waves from a line source,5 where the hydrodynamic equations that include a 
pseudoviscous term6 for the formation of a shock wave were numerically solved. 
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These equations were extended by adding a term to the energy balance equation 
that is a sum of the energy added to or lost from a finite element4 by various 
processes: Joule heating, thermal conductivity, radiation emitted by the finite 
element, and the radiation absorbed from the rest of the finite elements. This work 
was later reviewed by Akram and Lundgren7 and by a continued publication, 
Akram,8 which used a slightly different set of finite difference equations and a 
slightly different equation of state for air. The equations for the thermal 
conductivity of air and the electrical conductivity of air are the same as Plooster’s.4 
Unfortunately, the equation of state for air and the equation for the electrical 
conductivity of air in Akram and Lundgren7 have typographical errors, both of 
which are corrected here. Plooster4 uses an equation for the electrical conductivity 
of air that was a modification by Olsen9 for atmospheric-pressure plasmas from an 
expression for an ionized gas by Spitzer and Harm.10 After referring to Olsen,9 
however, the modification was not clearly stated. There were changes in notation 
and possible typographical errors. In addition, the subject of radiation transport, 
where the black body radiation from one finite element is absorbed and heats a 
distant finite element, was not explained very well in Plooster4 and Akram and 
Lundgren.7 

A detailed description of the Lagrangian hydrodynamic equations for the finite 
elements are developed and presented here and are different from those of Plooster4 
and Akram and Lundgren.7 The equation of state for air, the electrical conductivity 
of air, and a modified equation for the pseudoviscosity are also discussed in detail. 
It is assumed that the energy transport from one finite element to the others is by 
photoionization, where the ultraviolet light ionizes the neutral atoms in a finite 
element. The addition of the energetic electrons and their density increases the 
electrical conductivity of the finite element. The bound-bound and free-free 
radiative transfer processes present in a plasma that is in local thermal equilibrium 
are ignored.11–13 It is assumed that these processes have little effect on the electrical 
conductivity. The free-bound process where a free electron recombines with an ion 
by emitting a photon is included by using a rough estimation. These equations were 
solved for the assumed current profile used by Plooster4 and Akram and Lundgren7 
both when there is no photoionization and when there is photoionization. The 
temperature and pressure at the very center of the arc, the radius of the arc, and the 
position of the shock wave versus time are then compared with Akram and 
Lundgren’s7 results. 

2. Hydrodynamic Equations 

In the Lagrangian description for a 1-D cylindrical coordinates, let the initial radial 
position of a very small portion of the gas be x. At some later time, this small portion 
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of the gas is moved to a new location r(x,t). This portion then has a velocity u(r(x,t)), 
a density ρ(r(x,t)), a pressure p(r(x,t)), and an internal specific energy ε(r(x,t)) in 
units of energy per unit mass, which all follow a set of differential equations. In 
some of these equations, however, it is convenient to use the specific volume ν that 
is simply the reciprocal of the density, ν = 1/ρ. The differential equations for these 
quantities are found from the conservation of mass, 

 𝜈𝜈�𝑟𝑟(𝑥𝑥, 𝑡𝑡)� =  𝜈𝜈𝑜𝑜
𝑟𝑟(𝑥𝑥,𝑡𝑡)
𝑥𝑥

𝜕𝜕𝑟𝑟(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑥𝑥

, (1) 

the conservation of momentum, 

 𝜕𝜕𝜕𝜕(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑡𝑡

=  −𝜈𝜈𝑜𝑜
𝜕𝜕�𝑝𝑝(𝑟𝑟(𝑥𝑥,𝑡𝑡))+ 𝑞𝑞(𝑟𝑟(𝑥𝑥,𝑡𝑡)�

𝜕𝜕𝑥𝑥
𝑟𝑟(𝑥𝑥,𝑡𝑡)
𝑥𝑥

, (2) 

and the conservation of energy, 

𝜕𝜕𝜕𝜕(𝜌𝜌(𝑟𝑟(𝑥𝑥,𝑡𝑡)),𝑇𝑇(𝑟𝑟(𝑥𝑥,𝑡𝑡))
𝜕𝜕𝑡𝑡

= −�𝑝𝑝(𝜌𝜌(𝑟𝑟(𝑥𝑥, 𝑡𝑡)),𝑇𝑇(𝑟𝑟(𝑥𝑥, 𝑡𝑡)) +  𝑞𝑞(𝑟𝑟(𝑥𝑥, 𝑡𝑡)� 𝜕𝜕𝜕𝜕�𝑟𝑟(𝑥𝑥,𝑡𝑡)�
𝜕𝜕𝑡𝑡

+ 𝑊𝑊, (3) 

where W is the power per unit mass from Joule heating, radiation loss and gain, 
thermal conduction, and so forth. The velocity is simply 

 𝑢𝑢(𝑥𝑥, 𝑡𝑡) =  𝜕𝜕𝑟𝑟(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑡𝑡

, (4) 

and T(r(x,t)) is the temperature. νo is the specific volume of the ambient air that is 
uniform at the beginning. The term q(r(x,t)) is the pseudoviscosity term6 

 𝑞𝑞 =  𝜌𝜌(𝜌𝜌𝑜𝑜𝑐𝑐∆𝑥𝑥)2 �𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡
�
2

 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

< 0 

or 
 𝑞𝑞 = 0 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡
≥ 0, (5) 

where c is a constant with no units that is on the order of unity. When this constant 
is increased, the width of the shock wave front is spread out over a number of grid 
points and smoothes out some of oscillations near the front. A value of about 1.4 
was used in the following results. This expression for the pseudoviscous term is not 
convenient to use for the finite difference equations that are forward in time and 
centered in space.14 In this scheme, the values of the position r(x,t), velocity u(x,t), 
specific volume ν(x,t), specific internal energy ε(x,t), and pressure p(x,t) are used to 
advance their values to a short time step forward Δt: r(x,t+Δt), u(x,t+Δt), ν(x,t+Δt), 
ε(x,t+Δt), and p(x,t+Δt). The time derivative of the specific volume as it stands 
depends on its known present value and its unknown future value. It can be 
expressed, however, in terms of the known distribution in space of variables at a 
given time by starting with the time derivative of the conservation of mass equation 
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 𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

= 1
𝜌𝜌𝑜𝑜𝑥𝑥

�𝜕𝜕𝑟𝑟
𝜕𝜕𝑡𝑡

𝜕𝜕𝑟𝑟
𝜕𝜕𝑥𝑥

+ 𝑟𝑟 𝜕𝜕2𝑟𝑟
𝜕𝜕𝑡𝑡𝜕𝜕𝑥𝑥

� = 1
𝜌𝜌𝑜𝑜𝑥𝑥

�𝑢𝑢 𝜕𝜕𝑟𝑟
𝜕𝜕𝑥𝑥

+ 𝑟𝑟 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
� = 1

𝜌𝜌𝑜𝑜

𝜕𝜕(𝑟𝑟𝜕𝜕)
𝜕𝜕𝑥𝑥

 (6) 

to give 

 𝑞𝑞 = 𝜌𝜌 �𝑐𝑐∆𝑥𝑥
𝑥𝑥
�
2
�𝜕𝜕(𝑟𝑟𝜕𝜕)

𝜕𝜕𝑥𝑥
�
2

when 𝜕𝜕(𝑟𝑟𝜕𝜕)
𝜕𝜕𝑥𝑥

< 0  𝑜𝑜𝑟𝑟  𝑞𝑞 = 0 when 𝜕𝜕(𝑟𝑟𝜕𝜕)
𝜕𝜕𝑥𝑥

≥ 0. (7) 

A common convention in writing the finite difference equations is to give a 
superscript and a subscript of integers to the variables for the boundary between the 
elements, as shown in Fig. 1, where 𝑟𝑟𝑗𝑗𝑛𝑛 is the position of the boundary, 𝑢𝑢𝑗𝑗𝑛𝑛 is the 
velocity of the boundary, and 𝑓𝑓𝑗𝑗𝑛𝑛 is a flux that is crossing the boundary. The flux 
can be a heat flux or a radiation flux as examples. The superscript means that the 
time for these variables is at the nth time step, and the subscript means that the 
variables began at the jth starting position. If the starting positions are evenly 
spaced by Δx, 𝑟𝑟𝑗𝑗𝑛𝑛 is equivalent to r(j Δx,tn), and the position at the next time step 
𝑟𝑟𝑗𝑗𝑛𝑛+1 is equivalent to r(j Δx,tn+Δtn), or r(j Δx,tn+1) for the next time step. The 
starting positions xj do not have a superscript because they do not change with time. 
The positions 𝑟𝑟𝑗𝑗𝑛𝑛 and 𝑟𝑟𝑗𝑗+1𝑛𝑛  define the boundaries for an element of gas with intrinsic 
properties, which are conventionally indicated by a subscript with an added half 
integer in Fig. 1: the pressure 𝑝𝑝𝑗𝑗+1/2

𝑛𝑛 , temperature 𝑇𝑇𝑗𝑗+1/2
𝑛𝑛 , density 𝜌𝜌𝑗𝑗+1/2

𝑛𝑛 , specific 
internal energy 𝜀𝜀𝑗𝑗+1/2

𝑛𝑛 , and thermal conductivity 𝜅𝜅𝑗𝑗+1/2
𝑛𝑛 . 

 

Fig. 1 Notation used for the finite difference equations 

The finite difference equations are used in the following sequence. The velocity, 
position, and density are first stepped forward in time: 

 1
1/2 1/2 1/2 1/2 

n
jn n n n n no

j j j j j j
n

r
u u p p q q

x x
ν+

− + − + = + − + − ∆
. (8) 

 𝑟𝑟𝑗𝑗𝑛𝑛+1 =  𝑟𝑟𝑗𝑗𝑛𝑛 +  𝛥𝛥𝑡𝑡𝑛𝑛𝑢𝑢𝑗𝑗𝑛𝑛+1. (9) 

xj+1 , rj+1, uj+1

pj+3/2, Tj+3/2,

ρj+3/2, εj+3/2, κj+3/2
δrδr

rm

fj+1

n n

n n n

n n

n

xj , rj, uj
n n

fj
n

Pj-1/2, Tj-1/2,

ρj-1/2, εj-1/2, κj-1/2

n n

n n n

pj+1/2, Tj+1/2,

ρj+1/2, εj+1/2, κj+1/2

n n

n n n
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( ) ( )
( ) ( )

2 2

11
1/2 2 21 1 1

1

1 j jn
j on n n

j j j

x x

r r
ρ ρ

ν
++

+ + + +
+

−
= =

−
. (10) 

 𝜌𝜌
𝑗𝑗+12

𝑛𝑛+1 = 1
𝜕𝜕𝑗𝑗
𝑛𝑛+1 = 𝜌𝜌𝑜𝑜

�𝑥𝑥𝑗𝑗+1�
2
−�𝑥𝑥𝑗𝑗�

2

�𝑟𝑟𝑗𝑗+1
𝑛𝑛+1�

2
−�𝑟𝑟𝑗𝑗

𝑛𝑛+1�
2 . (11) 

Next, the pseudoviscosity is stepped forward in time: 

( ) 21 1 1 11
1 11/2 1/21 1 1 1 1

1/2 1 1
1

2
0

2

n n n nn n
j j j jj jn n n n n

j j j j j
j j

c r u r u
q r u r u

x x
ρ ρ + + + ++

+ ++ ++ + + + +
+ + +

+

 − +
= − <   +  

when  (12) 

and 
 𝑞𝑞𝑗𝑗+1/2

𝑛𝑛+1 = 0 when 𝑟𝑟𝑗𝑗+1𝑛𝑛+1𝑢𝑢𝑗𝑗+1𝑛𝑛+1 − 𝑟𝑟𝑗𝑗𝑛𝑛+1𝑢𝑢𝑗𝑗𝑛𝑛+1 ≥ 0.  (13) 

Finally, a transcendental equation must be numerically solved for the new 
temperature.  

( ) ( ) ( )
1 1 1 1

1 11 1 1 1
1/2 1/2 1/2 1/2 1/2 1/2

1 1 1 1
1 11

1/2 1/2

, ,   ,
n n n n
j j j jn n n n n n

j j j j j j
o

n n n n
j j j jn

j n j
o

r u r u
T p T T

x

r u r u
q t W

x

ρ ρ ε ρ
ρ

ρ

+ + + +
+ ++ + + +

+ + + + + +

+ + + +
+ ++

+ +

 −
+ =  ∆ 

 −
− + ∆  

 ∆ 

. (14) 

The function p(T,ρ) (Eq. 30) is the thermal equation of state, and the function ε(T,ρ) 
(Eq. 29) is the caloric equation of state for the gas; more details of these functions 
will be given later. If the gas is ideal, these equations are simple and easily solved 
for 𝑇𝑇𝑗𝑗𝑛𝑛+1. If the gas is real, however, these equations may not be solved in closed 
form for the new temperature. Instead, the old temperature 𝑇𝑇𝑗𝑗𝑛𝑛 serves as a first guess 
for the new temperature, and the equation is tested for equality. Based on the results 
of this test, another temperature is judiciously chosen and tested. By using the mean 
value theorem and testing for equality, an acceptable range for the temperature can 
be found in which there is equality. A temperature within this range is chosen for 
𝑇𝑇𝑗𝑗+1/2
𝑛𝑛+1  to find the new specific energy 

 ( )1 1 1
1/2 1/2 1/2 ,n n n

j j jTε ε ρ+ + +
+ + +=  (15) 

and the new pressure 

 ( )1 1 1
1/2 1/2 1/2 ,n n n

j j jp p T ρ+ + +
+ + += . (16) 

These new values are then used for the next time step. 



 

Approved for public release; distribution is unlimited. 
6 

The value for the time step Δtn has limits. These difference equations become 
unstable if Δtn is too large. If Δtn is too small, the computation time for a total 
solution over a range of time increases. Plooster15 used the stability relation given 
by Richtmyer and Morton,16 

 ∆𝑡𝑡𝑗𝑗 ≤
1
4𝛼𝛼2

𝑟𝑟𝑗𝑗+1−𝑟𝑟𝑗𝑗
𝜕𝜕𝑗𝑗−𝜕𝜕𝑗𝑗+1

 , (17) 

where α is a parameter that originated from the pseudoviscosity. This condition has 
a simple interpretation. The numerator is the spacing between 2 positions. The 
denominator is the closing velocity of the 2 positions when uj > uj+1. Thus, this 
fraction is the additional time when the distance between the 2 positions is zero if 
they continue to move at their velocities. This cannot happen because the positions 
represent material that cannot pass through another and result in a negative width 
for the element. If both velocities are zero or if uj < uj+1 for an expanding element, 
then the time step is taken to be 

 1
2

1/2

1
4

j j
j

j

r r
t

sα
+

+

−
∆ ≤ , (18) 

where 𝑠𝑠𝑗𝑗+1∕2 = �𝛾𝛾𝑝𝑝𝑗𝑗+1∕2 ∕ 𝑑𝑑𝑗𝑗+1∕2 is the local speed of sound with γ = 1.4. Because 
each element has a different time, all the elements must be examined for a minimum 
time, and the time step is set to a fraction of this time. A value for α that is taken to 
be independent here from the constant c in Eq. 5 can be found with some trial and 
error, but α = 1 was sufficient for the following calculations. 

In the conservation of energy equation, the W term is the sum of the energy per unit 
time per mass that is added or lost by the element 𝑊𝑊𝑗𝑗+1/2 =  𝑊𝑊𝐽𝐽𝑜𝑜𝜕𝜕𝐽𝐽𝐽𝐽 −𝑊𝑊𝑏𝑏𝑏𝑏 +
 𝑊𝑊𝑡𝑡ℎ𝐽𝐽𝑟𝑟𝑒𝑒. WJoule is the Joule or ohmic heating. 

 1/22

1/2

j
Joule

j

W E
σ
ρ

+

+

= . (19) 

E is the common electric field for all the elements that is given by the total current 
divided by the sum of the products of the electrical conductivity and the cross 
sectional area of all the elements. 

 𝐸𝐸 = 𝐼𝐼(𝑡𝑡)
∑𝜎𝜎

𝑗𝑗+12
𝑎𝑎𝑗𝑗

 , (20) 

where 𝑎𝑎𝑗𝑗 = 𝜋𝜋�𝑟𝑟𝑗𝑗+12 − 𝑟𝑟𝑗𝑗2� and the total current4,7 is assumed to be 

 𝐼𝐼(𝑡𝑡) =  4.0 × 104(exp(−4.0 × 104𝑡𝑡) − exp(−4.0 × 105𝑡𝑡)). (21) 
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The maximum for this current is about 27.9 kA at about 6.4 μs. The power loss 
from the black body radiation according to Plooster4 is 𝑄𝑄𝑏𝑏𝑏𝑏 = 4𝜎𝜎𝑠𝑠𝑏𝑏𝑇𝑇4𝑘𝑘𝑏𝑏. The term 
4𝜎𝜎𝑠𝑠𝑏𝑏𝑇𝑇4 is the integral of the spectral radiation intensity over all the frequency and 
solid angle, where σsb is the Stefan-Boltzmann constant and kb is an absorption 
constant that was arbitrarily chosen to be 1.0 cm-1 in the gas at the ambient density. 
Thus, the specific power loss per unit mass  

 𝑊𝑊𝑏𝑏𝑏𝑏 = 4𝜎𝜎𝑠𝑠𝑠𝑠𝑇𝑇4 1.0
𝜌𝜌𝑜𝑜

 . (22) 

Wtherm is the heat conducted into an element from its neighbors. According to 
Akram and Lundgren,7 Wtherm in differential form is 

 𝑊𝑊𝑡𝑡ℎ𝐽𝐽𝑟𝑟𝑒𝑒 =  1
𝜌𝜌𝑜𝑜2𝑥𝑥

𝜕𝜕
𝜕𝜕𝑥𝑥
�𝜅𝜅𝜌𝜌𝑟𝑟

2

𝑥𝑥
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥
�. (23) 

κ is the heat conductivity of the element. Casting this differential expression into a 
finite difference form is not obvious because it calls for a differentiation of a 
product of the intrinsic quantities T, ρ, and κ with a spatial variable x. Transforming 
the partial derivatives with respect to x into the partial derivatives with respect to r, 
however, gives a simpler differential that is easier to interpret. Using the 
conservation of mass, the operator 

 𝜕𝜕
𝜕𝜕𝑥𝑥

= 𝜌𝜌𝑜𝑜
𝜌𝜌
𝑥𝑥
𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

  (24) 

is used to express Eq. 23 as the familiar radial component of the heat conduction 
equation in cylindrical coordinates 

 𝑊𝑊𝑡𝑡ℎ𝐽𝐽𝑟𝑟𝑒𝑒 = 1
𝜌𝜌
�1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟
�𝜅𝜅𝑟𝑟 𝜕𝜕𝑇𝑇

𝜕𝜕𝑟𝑟
��, (25) 

where the expression in the parenthesis is the radial component of the heat flux 
vector ℎ�⃗ = −𝜅𝜅∇𝑇𝑇, and the expression in the brackets is the radial component of the 
divergence of the heat flux. This suggests a way to translate this equation to the 
finite elements. Let ℎ𝑗𝑗 = 𝜅𝜅 𝑇𝑇𝑗𝑗−1/2−𝑇𝑇𝑗𝑗+1/2

𝛿𝛿𝑟𝑟
 be the heat flux entering the element on the 

left, where it is assumed that the temperature at rj is Tj-1/2 and the temperature at rm, 
rm = (rj+1 + rj)/2, is Tj+1/2. The heat flux leaving the element on the right is ℎ𝑗𝑗+1 =
𝜅𝜅 𝑇𝑇𝑗𝑗+1/2−𝑇𝑇𝑗𝑗+3/2

𝛿𝛿𝑟𝑟
, where it is assumed that the temperature at rj+1 is Tj+3/2. After 

multiplying the fluxes by their areas, the total heat entering the element is 

 ( ) ( )1/2 1/2 1 1/2 3/22 2j
j j j j j j j

j

Q r T T r T T
r
κ

π π
δ − + + + +

 = − − −  . (26) 

This is then divided by the mass within the element for the specific heat Wtherm, 
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𝑊𝑊𝑡𝑡ℎ𝐽𝐽𝑟𝑟𝑒𝑒 =
𝑄𝑄𝑗𝑗

𝜌𝜌𝑗𝑗2𝜋𝜋𝑟𝑟𝑚𝑚2𝛿𝛿𝑟𝑟
=

𝜅𝜅𝑗𝑗
𝜌𝜌𝑗𝑗4𝜋𝜋𝑟𝑟𝑚𝑚𝛿𝛿𝑟𝑟2

�2𝜋𝜋𝑟𝑟𝑗𝑗�𝑇𝑇𝑗𝑗−1/2 − 𝑇𝑇𝑗𝑗+1/2� − 2𝜋𝜋𝑟𝑟𝑗𝑗+1�𝑇𝑇𝑗𝑗+1/2 − 𝑇𝑇𝑗𝑗+3/2��.  (27) 

After applying rj = rm – δr and rj+1 = rm + δr, this can be written as 

 𝑊𝑊𝑡𝑡ℎ𝐽𝐽𝑟𝑟𝑒𝑒 = 𝜅𝜅𝑗𝑗
2𝜌𝜌𝑗𝑗

�
𝑇𝑇
𝑗𝑗+32

+𝑇𝑇
𝑗𝑗−12

−2𝑇𝑇
𝑗𝑗+12

𝛿𝛿𝑟𝑟2
+

𝑇𝑇
𝑗𝑗+32

−𝑇𝑇
𝑗𝑗−12

𝑟𝑟𝑚𝑚𝛿𝛿𝑟𝑟
�. (28) 

The thermal conductivity in units of erg cm-1 sec-1 deg-1 is a sum of 3 terms.4,7 

 ( )13 1/20
10.1488 2.2 10 1 000 1dAT A T

dT
κ σ ρ= + × + − . (29) 

The first term is the thermal conductivity by the electrons determined from the 
Wiedermann-Franz law, where σ is the electrical conductivity. The second term is 
from the diffusion of the recombination energy, where A0 is from Eq. 32  
(Section 3). The last term is the contribution from the neutral particles, where 
(1−A1) is the fraction of neutral particles and A1 is also from Eq. 32 (Section 3). 

The correct initial conditions for an arc at the very beginning of a current pulse are 
speculative, but Plooster4 proposed 2 different initial conditions. Even though these 
conditions may not be correct, it is hoped that the results would not depend on the 
exact initial conditions at later times. One initial condition has a channel of gas at 
ambient pressure with an assumed radius and high temperature. These conditions 
may occur just prior to the main discharge of a lightning stroke when a large current 
flows between the ground and the cloud. Just before the main discharge, there are 
leading strokes emitting from the ground to the cloud and other leading strokes 
emitting from the cloud to the ground. These leading strokes propagate toward each 
other until they make contact, initiating the main discharge. This also occurs 
between clouds. It is assumed that these leading strokes heat a channel of air at 
atmospheric pressure. The other initial condition has a channel of gas at the ambient 
density with an assumed radius and high temperature, which may occur when an 
arc is formed so quickly that the gas has yet to move. This condition implies that 
the gas was heated by a current for some time before the gas is allowed to move. 
Plooster4 and Akram and Lundgren7 ignore this initial current, and simply start from 
zero current and allow the gas to move at the same time. From Akram and 
Lundgren’s graphs,7 the initial temperature for the channel was 15,000 K but its 
initial radius was not stated. An initial radius of 0.1 cm, however, gave comparable 
results. 

Using Akram’s8 and Plooster’s4 equations for the electrical conductivity of air (Eqs. 
36 and 37; Section 3) Akram’s8 corrected equation of state for air (Eqs. 30, 31, and 
32; Section 3), and assuming that the channel is air at ambient density uniformly 
heated to a temperature of 15,000 K within a radius of 0.1 cm, these finite 
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difference equations were solved without radiation transfer. At the time 6.4 μs for 
the maximum current 27.9 kA, the results gave the distribution of the temperature  
(Fig. 2), pressure (Fig. 3), density (Fig. 4), and current density (Fig. 5). It is 
remarkable that all of these quantities are fairly uniform within the channel radius 
of about 0.82 cm and that a shock wave that is the peak in the pressure at 1.1 cm in 
Fig. 3 is already at some distance from the channel. This supports the assumptions 
used in the earlier models. 

 

Fig. 2 Temperature vs. position at 6.4 μs 

 

 

Fig. 3 Pressure vs. position at 6.4 μs 
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Fig. 4 Density vs. position at 6.4 μs 

 

 

Fig. 5 Current density vs. position at 6.4 μs 

3. Equation of State for Air 

The pressure of air as a function of its temperature and its density is the thermal 
equation of state,5 

 𝑝𝑝(𝑇𝑇,𝜌𝜌) = 𝜌𝜌𝜌𝜌𝑇𝑇[1 + 𝐴𝐴0 + 2(𝐴𝐴1 + 𝐴𝐴2)], (30) 

and the specific internal energy of air in ergs per gram is calculated by the caloric 
equation 

 𝜀𝜀(𝑇𝑇,𝜌𝜌) = 𝜌𝜌𝑇𝑇�5 + 𝐴𝐴0 2⁄ + 3(𝐴𝐴1 + 𝐴𝐴2)� + 𝐴𝐴0𝐼𝐼0 + 𝐴𝐴1𝐼𝐼1 + 𝐴𝐴2𝐼𝐼2. (31) 
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In these equations, A0 is the fraction of the molecules that are dissociated: A0 = 0 
when there are no dissociated molecules and A0 = 1 when all the molecules are 
dissociated. A1 is the fraction of the atoms that are singly ionized: A1 = 0 when none 
of the atoms are singly ionized and A1 = 1 when all the atoms are singly ionized.  
A2 is the fraction of the singly charged ions that become doubly charged: A2 = 0 
when none of the singly charge ions is doubly charged and A2 = 1 when all of the 
singly charged ions are now doubly charged. A0, A1, and A2 are functions of the 
temperature and density found by applying the Saha equation13 for the local thermal 
equilibrium between 2 states separated by an energy. In this case, the lower energy 
state for A0 is the molecule, and the higher energy state is when the molecule 
dissociates into atoms. The lower energy state for A1 is the atom, and the higher 
energy state is the singly charged ion. The lower energy state for A2 is the singly 
charged ion, and the higher energy state is the doubly charged ion. After correcting 
a typographical error, these fractions, according to Akram and Lundgren,7 are  

 

( )
ρ

ρ

ρ

−

−

−

 = + + 
 
 
 =

− −

 = + + 
 

=  
 

 = + + + +  

 
=  

 

R

R

R

1

0 0

0

0
0

1

1 1

1 1
1 3/2

1
2

2 2 2 2

2 2
2 3/2

2 1 1 2

1 exp /

2 1 1 2

exp
2

2 1 1 6

2

v

A B

Iexp
TCB

T TT

A B

C IB
TT

A B B B

C IB exp
TT

. (32) 

The values I0, I1, I2 and C0, C1, C2 in the Table are from Akram8 for an air that has 
properties that are a weighted sum of the corresponding property of a gas with a 
ratio in number of 0.788 N2 and 0.212 O2. Compounds of nitrogen and oxygen and 
their ions that may form in and around the arc are ignored: NO, NO+, O3, and so 
forth. The trace atmospheric gasses are also ignored: argon, carbon dioxide, and so 
forth. 
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Table Constants for the equation of state from Akram.8 The gas constant per gram is the 
universal gas constant divided by the molecular weight. 

Parameter name Symbol Value Units 
Molecular weight Mw 28.86 g/mole 
Gas constant per gram 𝜌𝜌 2.880946 × 106 erg/K/g 
Specific dissociation energy I0 2.930557 × 1011 erg/g 
Specific first-ionization energy I1 9.591766 × 1011 erg/g 
Specific second-ionization energy I2 2.062056 × 1012 erg/g 
Saha’s constant for dissociation C0 4.817588 × 10-1 cm3K3/2/g 
Saha’s constant for first-ionization C1 1.101416 × 107 cm3K3/2/g 
Saha’s constant for second-ionization C2 1.033965×107 cm3K3/2/g 
Vibration temperature Tv 3150 K 
Ambient temperature To 300 K 
Ambient pressure po 1.01325 × 106 dyne/cm2 
Ambient density ρo 1.172358 × 10-3 g/cm3 

 
The electrical conductivity of the gas depends on the number density of the 
electrons ne, number density of the neutral “air atoms” n0, number density of the 
singly charged ions n1, and number density of the doubly charged ions n2. These 
number densities are related to the fractions A0, A1, and A2 but they are not for a 
given number density of “air atoms” N where N = Av ρ/14.43. Av is Avogadro’s 
number, and 14.43 is half of the molecular weight for the “diatomic gas Air2”: 
28.86. In terms of these fractions, the number densities are nm = (1 - A0)N/2 for 
molecules, na = A0(1 – A1)N for atoms, n0 = 2nm + na = (1 – A0A1)N for the total 
number of atoms that are associated in molecules and atoms that are dissociated, 
n1 = A0 A1 (1 – A2) N for singly charged ions, and n2 = A0 A1 A2 N for doubly 
charged ions. Note that N = n0 + n1 + n2. Thus, the number of electrons is 
ne = 1 n1 + 2 n2 = A0 A1 (1 + A2)N, and the total number of ions is 
n+ = n1 + n2 = A0 A1N. The mean ionic charge that will be used in the equation for 
the electrical conductivity is defined as 

 2

1

1  j j
je

Z n Z
n =

= ∑ , (33) 

where Zj is the charge of the ion (Z1 = 1, Z2 = 2, etc.) and nj’s are their respective 
number densities. In terms of the fractions, the mean ionic charge up to the doubly 
charged ions is 

 ( )
( )

( )
( )

2
0 1 2 0 1 2 21 2

0 1 2 2

1 4 1 31 2
1 1e

A A A A A A An nZ
n A A A A

− + ++
= = =

+ +
. (34) 
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Because of the energy dependence of A0, A1, and A2, most of the atoms are singly 
charged before there are doubly charged ions. Also, most of the molecules are 
dissociated into atoms before there are singly charged ions. Thus, the following are 
very good approximations that are used by Plooster4 and Akram and Lundgren7: 
ne = A0 A1 (1 + A2)N ≈ (A1 + A2)N, n+ = A0A1N ≈ A1N, n0 = (1 – A0 A1)N ≈ (1 – A1)N, 
and 

 ( )
( )

2 1 2

2 1 2

1 3 3
1

A A AZ
A A A

+ +
= ≈

+ +
. (35) 

4. Electrical Conductivity of Gasses 

The electrical conductivity used by Plooster4 and Akram and Lundgren7 in Siemens 
per centimeter (S/cm) is 

 ( )
( )

1
10 2

1 2
15

1 1

4.173 10
2.0 10 1 i Av

A A T
A A a

σ
−−

−

× +
=

× − +
, (36) 

where the average electron-ion cross section 〈𝑎𝑎𝑖𝑖〉𝐴𝐴𝐴𝐴 is given by 

 
( )

26 5
1 2 1 2

1 32
1 2 1 21

2.8 10 3 1.727 10
3i Av

A A T A Aa Ln
T A A A AA ρ

− −    × + × + =     + +     
 . (37) 

Using the approximations for ne, n0, and n+ from the equation of state, these 
equations are 

 

1
10 2

15

4.173 10
2.0 10

e

n i Av

n T
n n a

σ
−−

−
+

×
=

× +
 (38) 

and 

 
( )

6 2 5

1 32
1

2.8 10 1.727 10
 i Av

Z Ta Ln
T A Zρ

− − × × =  
  

 . (39) 

Plooster4 simply states that this equation is a modification by Olsen9 of the electrical 
conductivity for an ionized gas of Spitzer and Harm10 for atmospheric-pressure 
plasmas. Olsen did not provide any explanation for the modifications. Also, there 
were some typographical errors, changes in notation, choice for some terms, and 
possible omissions. Thus, another equation for the electrical conductivity will be 
developed here. 

The electrical conductivity of gasses10,17 in electrostatic units is 

 𝜎𝜎 = 𝐽𝐽2𝑛𝑛𝑒𝑒
𝑒𝑒𝑚𝑚 ∑ 𝑛𝑛𝑗𝑗𝑄𝑄𝑗𝑗𝑗𝑗

 . (40) 
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To convert the unit of this electrical conductivity to Siemens per centimeter, divide 
it by c2×10-9, where c is the speed of light in centimeters per second or by 
multiplying it by 4πεo. e is the charge of the electron in Statcoulombs, ne is the 
number of free electrons per cubic centimeter, m is mass of the electron in grams, 
and C is the root mean square of the electron speed having a Maxwell-Boltzmann 
speed distribution 

 3kTC
m

= , (41) 

where k is the Boltzmann constant in ergs per Kelvin. Substituting this into the  
Eq. 41 gives 

          𝜎𝜎 =
𝑒𝑒2

𝑐𝑐2 × 10−9√3𝑚𝑚𝑘𝑘
𝑒𝑒𝐽𝐽

𝑇𝑇
1
2 ∑ 𝑒𝑒𝑗𝑗𝑄𝑄𝑗𝑗𝑗𝑗

= 4.179 × 10−10
𝑒𝑒𝐽𝐽

𝑇𝑇
1
2 ∑ 𝑒𝑒𝑗𝑗𝑄𝑄𝑗𝑗𝑗𝑗

               (42) 

for the conductivity in Siemens per centimeter. The summation is over the products 
of the number density for a component of the gas and the cross section for electron 
collision with the component. The components for air would be molecules, atoms, 
and ions of nitrogen, oxygen, and so forth. The summation is broken into 2 terms. 

 15
0

0 1

2.0 10j j j j
j j

n n n−

= =

= × +∑ ∑ Q Q . (43) 

The first term is the assumed cross section in square centimeters for the electrons 
colliding with neutral atom or molecule multiplied by the number of “air atoms” 
even when they are bonded in molecules. This term implies that the cross section 
for a diatomic air molecule is about twice that of the atom in the molecule, which 
is a reasonable approximation. The second term is the product of the cross section 
and the number density of the ions having a charge j: j = 1 for singly charged ions, 
j = 2 for doubly charged ions, and so forth. The second term is found by assuming 
that all of the atoms are completely ionized and equating the conductivity to 
electrical conductivity of an ionized gas according to Spitzer and Harm10: 

 ( ) ( )
3/23

2 2

2 2
3 E

mC Z
e qC

σ γ
π

 =  
  Z ln

, (44) 

where Z is the mean ionic charge (Eq. 31). After equating the 2 conductivities, 
Eqs. 40 and 44 with n0 = 0, the summation is 

 
3/24 2

2 4
1

( ) 3 1
2 2 ( )

e
j j

j E

e n qCn
m C Z

π
γ=

 =  
 

∑  Z lnQ . (45) 



 

Approved for public release; distribution is unlimited. 
15 

After substituting the expression for the root mean square of the velocity and 
collecting the constants, 

 
( )

( )23/24

2 2
1

ln3 1
18 2

e
j j

j E

n qCen
k Z T

π
γ=

  =      
∑

 Z
Q , (46) 

and, evaluating them, 

 
( )

( )26

2
1

ln1.58689 10 e
j j

j E

n qC
n

Z Tγ

−

=

×
=∑

 Z
Q . (47) 

The γE (Z) comes from the electron-electron collisions, and it too is a function of 
the mean ionic charge Z18,19: 

 ( )
2

2

3 1 2.966 0.753  
32 1 1.198 0.222E

Z ZZ
Z Z

πγ + + =   + + 
. (48) 

A γE = 0.567 would give the 2.8 × 10-6 coefficient in Eq. 37, which is close to 0.574 
when Z = 1 in Eq. 48. The value for qC2 depends on the integration over the impact 
parameter of the collision. The upper limit of the integral, however, logarithmically 
approaches infinity and must be cut off at some distance. The lower limit of the 
integral is undefined for a zero-impact parameter. Cohen et al.20 used the Debye’s 
shielding radius for the upper limit where the distribution of the electrons and ions 
beyond this distance has little influence on the collision. The lower limit of the 
integral is taken to be the classical distance for closest approach of the electron to 
the ion. Evaluating the integral with these limits gives 

 
3/2

2
3

3
2e

kTqC
e nπ

 =  
 

. (49) 

Thus, the electrical conductivity is 

 
( ) ( )( )

10 3/2

15 2 6 2
0

4.179 10  
2.0 10 1.158689 10   /

e

e E

n T
n T n Z ln qC Z

σ
γ

−

− −

×
=

× + ×
, (50) 

or when using the fractions from the equation of state, 

   ( )
( ) ( ) ( ) ( )( )

10 3/2
0 1 2

15 2 6 2
0 1 0 1 2

4.179 10 1
2.0 10 1 1.158689 10 1 3  / E

A A A T
T A A A A A ln qC Z

σ
γ

−

− −

× +
=

× − + × +
, (51) 

where qC2 and γE(Z) are given in the Eqs. 48 and 49. 

If the interionic distance is used as the cut-off distance, instead of the Debye 
shielding radius, the term would be 
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 ' 2
2 1/3

4

e

kTq C
e n

=  (52) 

for singly charged ions, as cited by Cohen et al.20 and used in Eqs. 37 and 39. The 
average cross section for Plooster’s4 Eq. 39 has the square of the mean ionic charge 
Z, but Eq. 46 has the mean ionic charge to the first power. Since the mean ionic 
charge is close to 1.0 for most of the conditions considered here, this difference is 
inconsequential. Figure 6 compares the electrical conductivities of the 2 equations 
as function of the temperature for various densities that occur in the calculations 
0.01ρo, 1.0ρo, and 10.0ρo. 

 

Fig. 6 Electrical conductivity by Eq. 36 (──) and Eq. 50 (──) 

5. Photoionization 

The photoionization of air by a black body radiator is presented by a simple 
example. Let a black body radiator be a cylinder with a temperature Tb and a radius 
Rb that has a layer of air next to it. The layer of air has a temperature Ta, density ρ, 
and thickness s. Assume that the temperature of the black body and the air are 
initially the same. At some time let the temperature of the black body be suddenly 
increased to a higher temperature when the 2 regions are no longer in thermal 
equilibrium. The photons from the black body can now ionize more air to increase 
the number density of free electrons, and these electrons or photoelectrons have an 
energy distribution. Thus, the photoelectrons can change the electrical conductivity 
of the air, and this change depends on time. The production rate of the 
photoelectrons and their energy distribution can be estimated by looking at the 
details for photoionization. 
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When a photon that has energy (hv) greater than the ionization potential of an atom 
(ip) is absorbed by the atom, the atom ejects a photoelectron with energy (hv–ip) to 
become a singly charged ion in its ground state. h is Planck’s constant, and v is the 
frequency of the photon, ( ) ( )hv hv ipP A A e+ −

−+ → + . 

The probability of a photon being absorbed by an atom or molecule and producing 
a photoelectron is related to a cross section that depends on the energy of the 
incident photon. It is possible that the singly charged ion may be in an excited state 
after ejection of the photoelectron with even less energy. It is also possible that an 
atom absorbs a photon at some energy to become an atom in an excited state that 
later decays by ejecting an electron (autoionization). For air, however, a photon 
may also be absorbed by a molecule that has additional mechanisms to produce a 
photoelectron with less energy. The molecule may become a molecular ion, 
dissociate into an atom in the ground state or an excited state and an ion, and so 
forth. These latter mechanisms are not specifically addressed but they are indirectly 
included here by using the total cross section, which includes all these mechanisms. 
Unfortunately, the literature gives these cross sections in different units as functions 
of the frequency, or the energy, or the wave number, or the wave length of the 
photon. Also, the cross sections are given as smooth line graphs, data point graphs, 
or listed in tables.  

In the following sections, the cross sections for the photoionization of the nitrogen 
molecule (N2), nitrogen atom (N), oxygen molecule (O2), and oxygen atom (O) are 
presented in units of Megabarn (Mb) as functions of the photon energy in electron 
volts (eVs). One Mb is 10-18 cm2. Linear interpolation was used to find the cross 
sections on a common energy scale, as shown in Fig. 7. The total photoionization 
cross section for N2

21 and O2
22 is the production of a photoelectron with any energy 

leaving the molecule in any possible state: molecular ion in any of its states, 
dissociated atom and ion, and so forth. The total photoionization cross section for 
N23 and O24 includes the ions in an excited state. Some structure in these cross 
sections due to the autoionization of a highly excited atom was ignored. Note that 
the cross sections for the molecules are approximately twice that of their 
corresponding atomic cross sections. 
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Fig. 7 Total photoionization cross sections, N2 (──), O2 (──), N (──), and O (──) 

These cross sections were used to find the energy distribution of the photoelectrons 
when the source of the photons is a black body radiator. This energy distribution 
may be related to a temperature. As an example in finding this energy distribution, 
assume that the energy of the photons is 25 eV, and assume that the air is all 
dinitrogen and dioxygen. If the photoelectron came from dinitrogen, its energy 
would be 25 eV minus the ionization potential of dinitrogen (15.60 eV), or 9.40 eV. 
If the photoelectron came from dioxygen, however, its energy would be 25 eV 
minus 12.07 eV, the ionization potential of dioxygen, which would be 12.93 eV. 
There will be photoelectrons with less energy if the molecular ion is excited or if 
the molecular ion dissociates. These photoelectrons are ignored, since the number 
of these lesser energetic photoelectrons are smaller, because the cross sections are 
smaller. The energies are weighted by their respective cross section and by their 
fractional number in air to find their average energy. 

 ( ) ( ) ( ) ( ) ( )
( )

2 20.788 15.60  0.212 12.07N O
avg

hv Q hv hv Q hv
E hv

Q hv
− + −

= , (53) 

where 

 ( ) ( ) ( )2 20.788 0.212 N OQ hv Q hv Q hv= +  (54) 

is an average cross section. The 0.788 factor is the numerical fraction for the 
dinitrogen having a cross section QN2(hν), and 0.212 is the numerical fraction for 
the dioxygen having a cross section QO2(hν). The trace gasses in air, argon, carbon 
dioxide, and so forth, are excluded: If the photon energy is less than an ionizing 
potential, the respective cross section is zero. 
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When the air is exposed to the black body radiator, the production rate of 
photoelectrons with this average energy within a small range of energies d(hv) per 
unit volume per unit time is 

 ( ) ( ) ( ) ( ) ( ),  avg m bE hv E hv N Q hv P T hv d hv= , (55) 

where Nm is the number density of the dinitrogen and dioxygen of this reduced air. 
At a temperature of 300 K and a density 1.17681×10-3 g/cm3, the number density 
Nm, is 2.44629×1019 1/cm3. The total number of photons within the energy range 
d(hv) that are emitted from a unit area per solid angle from the black body’s surface 
at a temperature of Tb per unit time is  

 ( )
3

2

1 2,   
exp 1

b

b

hv dvP v T
hv c hv

kT

 
 
 =
  

−  
  

. (56) 

The expression in the brackets is for the energy emitted in a frequency interval dv 
per unit area per unit time. Dividing this by the energy of the photon hv gives the 
number of photons per unit area per unit time, which can then be expressed as a 
function of the photon energy. 

 ( ) ( ) ( )
2

2 3

2,  
exp 1

b

b

hv
P hv T d hv

c h hv
kT

 
 
 =
  

−  
  

. (57) 

Thus the overall average energy is 

 ( )
( ) ( ) ( )

( )

 ,  ( )

( ) ,  ( )
o

o

avg bhv
b

bhv

E hv Q hv P hv T d hv
E T

Q hv P hv T d hv

∞

∞=
∫

∫
. (58) 

The Nm factor cancels out in this ratio. This energy average is then equated to a 
temperature by 

 ( )
2 3 

2 2
e

b
mv m kTE T

m
 = =  
 

 (59) 

for the equivalent temperature for the photoelectrons even though their energy 
distribution is not a Maxwell-Boltzmann distribution. 

 ( ) ( )2
3

b
e b

E T
T T

k
= . (60) 
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The integrals used the published cross sections (Fig. 7), up to a photon energy of 
50 eV, where the photon number flux is small even when the black body 
temperature is 60,000 K. The results are shown in Fig. 8 along with the result, 
where it is assumed that the air is all atomic. For all atomic air, the ionization 
potential for N (14.53 eV), O (13.62 eV), and their total photoionization cross 
sections were used to find the equivalent temperature for their photoelectrons. The 
black body temperature is included for comparison. 

 

Fig. 8 Molecular air (──), atomic air (──), and black body temperature (──) 

Since electron temperature is nearly equal to the black body temperature when the 
air is all atomic or all molecular, the electron temperature will be set equal to the 
black body temperature for the electrical conductivity. 

The production rate of the free charges in the thick layer is found by first defining 
a small volume that is a right cylinder with a cross sectional area a and a length δ. 
At one end of the cylinder, let a number of photons �̇�𝑁𝑝𝑝(0,ℎ𝜈𝜈) with an energy hν 
per energy bandwidth d(hν), per unit area, and per unit time cross perpendicular to 
the area a. If the layer has a uniform number density of neutral atoms or molecules 
N, the production rate for the photoelectrons per photon energy in this volume is 

 ( ) ( ) ( ) 0,    e pN h N h N Q h aν ν ν δ=  , (61) 

where Q is a cross section. Since for every photon that is absorbed there is a 
photoelectron, the number of photons leaving the cylinder at the other end is 
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 ( ) ( ) ( ) ( ),   0,    0,     p p pN h a N h a N h N Q h aδ ν ν ν ν δ= −    (62) 

for 

 
( ) ( ) ( ) ( )

, 0,
0,   p p

p

N h N h
N h N Q h

δ ν ν
ν ν

δ
−

= −
 

 . (63) 

Taking the limit of δ approaching zero on the left side, this equation becomes 

 
( ) ( ) ( ) ( ) ( ) 0,    

 
p e

p e

N h N h
N h N Q h n h

a
ν ν

ν ν ν
δ δ

∂
− = = =

∂

 
   (64) 

for the number of photoelectrons being produced per unit volume per unit time. 
Finally, let the number distribution of the photons be proportional to the number 
distribution of the black body photons that can photoionize. 

 ( ) ( )0,  ,p bN h P h Tν α ν= ,  

where α includes an attenuation factor and a solid angle factor. Thus, a production 
rate factor can now be defined as 

 ( ) ( ) ( ) ( ) ,  
o

b b
hv

F T Q hv P h T d hv
∞

ν= ∫  (65) 

and 

 ( ) ( )e b bn T N F Tα=   (66) 

for the total photoelectron production rate per volume, where N is the number 
density of the neutral atoms even when they are molecules. Figure 9 shows that 
�̇�𝐹(𝑇𝑇𝑏𝑏) when it is assumed that the air is all molecular and when it is assumed that 
the air is all atomic. In both cases, �̇�𝐹(𝑇𝑇𝑏𝑏) is almost zero when the black body 
temperature is less than about 15,000 K and nearly equal at higher temperatures. 
Since it is expected that most of the photoionization will occur when the air is 
mostly molecular, however, the production rate for the molecular air was chosen 
and fitted to a polynomial for temperatures greater than 15,000 K, 

( ) 16 5 11 4 8 3 3 24.754 10 5.325 10 9.127 10 1.664 10 2.774F x x x x x x− − − −= − × + × − × + × + , (65) 

where x = Tb−15,000 when Tb is greater than 15,000 K. �̇�𝐹(𝑇𝑇𝑏𝑏) = 0 when Tb is less 
than 15,000 K. 
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Fig. 9 Production rate for molecular air (──) and atomic air (──) 

Now assume that the thickness of a cylindrical element in the arc and the mean free 
path of the photons are small compared with the radius of the black body Rb so that 
the cylindrical surface of the black body can now be taken to be a planar surface. 
Let the surface of a black body have an area dAb where the photons are being 
emitted with a cos θ angular distribution and θ is the angle between the normal of 
the area dAb and the travel direction of the photons. The total production rate for 
the photo electrons in a small volume located at a perpendicular distance s from the 
black body surface is 

 ( ) ( ) ( )
2

exp   
,

2
bb

e b b
b

kr cos dARn T s NF T
R s r

θ
π

− 
=  + 

 , (68) 

where k is an absorption coefficient and r is the distance from the area on the black 
body surface to the small volume. The factor in the parenthesizes with the radius of 
the black body Rb accounts for the curvature of the surface. This expression is to 
be integrated over the entire planar surface of the black body by using cylindrical 
coordinates (ρ, φ). The area dAb is then ρ dρ dφ. 

 
( ) ( ) ( )

( ) ( ) ( )

2

2
0 0

2
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,  
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,   

b b
e b

b

b
e b b
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π ∞

∞

θ
ϕ ρ ρ
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for the total production rate for the photoelectrons per unit volume. The integral is 
evaluated by changing the variable for integration. First let ρ dρ = r dr from the 
differentiation of r2 = ρ2 + s2 and cos θ = s/r, 

 ( )
2

exp
 

s

kr
I s dr

r

∞ −
= ∫ , (70) 

and then let x = kr for dr = dx/k, 

 ( ) ( )
2

exp
 

ks

x
I ks ks dx

x

∞ −
= ∫ , (71) 

and 

 ( ) ( ) ( ), b
e b b

b

Rn T s N F T I ks
R s

 
=  + 

 . (72) 

The total production rate for the region between the black body surface and the 
distance s is 

 ( ) ( ) ( )( ) 1b
e b

b

Rn s N F T I ks
R s

 
= − + 

 . (73) 

The integral I(ks) was numerically integrated as a function of ks, which is the optical 
density of the layer. The values of the integral were fitted to an empirical formula, 

 ( ) ( ) ( )0.6906exp 1.52 0.3094exp 8.32I ks ks ks≅ − + − , (74) 

that is a sufficient approximation for the integral. If it is assumed that the spectrum 
of the photons is proportional to the black body throughout the thick layer, then a 
weighted cross section may be defined by first substituting Eq. 57 for �̇�𝑁𝑝𝑝(𝑠𝑠,ℎ𝜐𝜐) in 
Eq. 64 and integrating over the photon energy, 

 ( )( , ) ( )     ( , ) ( )
o o

b b
h h

P h T d h N Q h P h T d h
s

∞ ∞

υ υ

ν ν ν ν ν∂
− =
∂ ∫ ∫ , (75) 

and then define 

 ( ) ( )( , ) ( )  ( , ) ( )
o o

b b b b
h h

Q T P h T d h Q h P h T d h
∞ ∞

υ υ

ν ν ν ν ν=∫ ∫  (76) 

for a cross section that is weighted over the photon energy. Also let 
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 ( )Γ ( , ) ( )
o

b b
h

T P h T d h
∞

υ

ν ν= ∫  (77) 

for the total number of photons per area per second with energies greater than hνo. 
With these definitions, the equation is then 

 
( ) ( ) ( )Γ

   Γb
b b b

T
N Q T T

s
∂

− =
∂

, (78) 

where a coefficient of absorption can be defined as 

 ( )
( )  ( , ) ( )

 
( , ) ( )

o

o

bh
b b

bh

Q h P h T d h
k N Q T N

P h T d h

∞

υ
∞

υ

ν ν ν

ν ν
= =

∫
∫

 (79) 

for the black body distribution. The weighed cross section per atom is shown in 
Fig. 10 for an all molecular air where hυ0 = 12.07 eV is the ionization potential of 
O2. The weighted cross section for all atomic air has hυ0 = 13.62 eV, which is the 
ionization potential for atomic O. 

 

Fig. 10 Weighted cross section per atom; molecular air (──) and atomic air (──) 

Since it is expected that most of the photoionization will occur when the air is 
mostly molecular, the weighted cross section in Megabarns was fitted to the 
following polynomial for temperatures greater than 4000 K, 
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( ) 18 4 13 3

8 2 4

 2.209 10 3.398 10

1.647 10 1.321 10 1.064
b b b b

b b

Q T T T

T T

− −

− −

= × − ×

+ × − × +
, (80) 

and Qb(Tb) = 0.778 Mb when the temperature is less than 4000 K. 

In the finite difference method for the electric arc there are a number of layers. 
Since these layers may have different thicknesses and different absorption 
coefficients to give different optical densities, determining the photon flux for each 
layer would be difficult when the procedure for the single layer is applied for a 
number of layers. Thus, an assumption is made to ease the calculation. When the 
photons leave the absorbing layer, they have a different angular distribution when 
entering the next layer. Photons having an angle close to π/2 are lessened by cos θ, 
and they have a long absorption path. Photons with zero angle are not lessened by 
cos θ, and they have a shorter absorption path. Depending on the optical density of 
the layer, this changes the angular distribution of the photons and attenuates the 
photons. Layers with low optical densities less than about 0.1, for example, have 
angular distributions close to that of the black body but attenuated by about 10%. 
Layers with high optical densities greater than about 1.0, for example, have angular 
distributions that are more pronounced at small angles but attenuated by about 60%. 
Also, since the optical density depends on the frequency of the photons, the 
spectrum of the photons after passing through the layer may no longer be that of a 
black body. Still, it is assumed that the spectrum of these photons is a black body 
but attenuated, and the angular distribution of the photons is the same as the black 
body so that these equations can be applied to the next layer. 

As an example of the change in the electrical conductivity of a layer due to 
photoionization, a layer just outside the channel was chosen from the calculations 
that produced the results shown in Figs. 2–5. At a time near the peak current, 6.0 μs, 
a layer had the following properties: temperature (T = 2436 K), density 
(ρ = 1.31×10-3 g cm-3), and width (s = 8.17×10-4 cm). The layer next to it was inside 
the channel and had a black body temperature of 34,000 K. The time step for the 
calculation was 1.68×10-9 s. The total number density of atoms and ions in the layer 
is N = (1.31×10−3)(6.022×1023)/14.43 = 5.43×1019 cm−3, where 14.43 is taken to be 
an atomic weight of air. Before this layer is exposed to the black body radiation, 
the fractions for the components of air from Eq. 32 gives A0 = 2.89×10-7, 
A1 = 5.93×10-15, and A2 = 1.41×10-63. From these fractions, the total number density 
for the neutral atoms even when they are in molecules is n0 = 5.43×1019 cm−3. The 
number density for the electrons is ne = 0.09 cm−3, and the number density for the 
singly charged ions is n1 = 0.09 cm−3. The number density for the doubly charged 
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ions is n2 = 1.3×10-64 cm−3. Thus, with the mean ionic charge Z (Eq. 35) of 1.0 and 
temperature of 2436 K, the electrical conductivity of the layer (Eq. 37), is  
7.27×10-18 S/cm. Now let this layer be exposed to the black body radiation at a 
temperature of 34,000 K, which will produce photoelectrons with the energy 
equivalent to this temperature. The weighted cross section for photoionization  
(Eq. 80) is 5.21×10−18 cm2, for a coefficient of absorption 
k = n0 5.21×10−18 = 283 cm−1 and an optical thickness ks = k 4.49×10-4 = 0.231. 
The total absorption in the layer is I(ks) = 0.531, and the production rate is 
�̇�𝐹(34000) = 1.784 × 108 s−1.  The total production rate for the photoelectrons per 
volume per second in the layer is then  

 ( ) ( )( )19 8 27 5.43 10 1.784 10 1 0.531 4.54 10en s = × × − = ×  (81) 

when the radius of the black body Rb is larger than the thickness of the layer. After 
the time step of 1.68×10−9 s, the number density of the photo electrons is 
ne = 4.54×1027 (1.68×10−9) for ne = 7.63×1018 cm−3. The number density of the 
neutrals is n0 = 5.43×1019−ne for n0 = 4.67×1019 cm−3, and the number density of 
singly charged ions is n1 = 0.09 + ne for n1 = 7.63×1018 cm−3. The number density 
for the doubly charged ions does not change. The mean ion charge is still Z = 1 
because the number density for the doubly charged ions is very small. Using these 
number densities and an electron temperature of 34,000 K, the conductivity is 
117 S/cm, which is to be added to the electrical conductivity before 
photoionization: 7.27×10-18 S/cm. In other parts of the arc, the conductivities before 
and after photoionization are comparable. Thus, the total of the conductivities in 
this case is 117 S/cm, while a typical electrical conductivity in the channel is 
200 S/cm. 

This chosen layer, however, is also being photoionized by an attenuated flux of 
photons from other more-distant layers having different temperatures where the 
temperature of these photoelectrons are set to be equal to the temperature of the 
distant layer. The attenuation of the photon flux from a distant layer is determined 
by following the attenuation through each intervening layer having an optical 
thickness and a value for I(ks). This attenuated flux is used for an additional 
production rate for the photoelectrons in the layer. The total production rate is 
multiplied by the time step for the number density of the photoelectrons that are 
added to the free electrons in the layer. A like number is added to the number 
density of the singly charged ions and subtracted from the number density of atoms. 
The number density for the doubly charged ions is not changed. Since it is assumed 
that the spectrum from the distant layer is a black body, the temperature of these 
photoelectrons is equal to the temperature of the distant layer. An average electron 
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temperature in the ith layer produced by all the distant layers (i ≠ j) may be defined 
by a weighted average, 

 

 
( )
( )

,

,

 
j e i jj i

i
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≠

≠

=
∑
∑




, (82) 

where the added half integer for the indexes of these intrinsic properties is dropped. 
This temperature is then used to define a temperature for all of the photoelectrons 
by 2 sums. Let the first summation be 

 ( )1S S  n n
i i i e ni

T n t−= + ∆ , (83) 

which is a sum of the product of the average temperature of the newly produced 
photoelectrons and their number. The second summation is the number of the newly 
produced photoelectrons, 

 ( )1D D  n n
i i e ni

n t−= + ∆ . (84) 

𝛥𝛥𝑡𝑡𝑛𝑛 is the time step and ��̇�𝑁𝐽𝐽�𝑖𝑖 is the total production rate of the additional 
photoelectrons by all the other elements. Thus, the average temperature for all 
photoelectrons may be defined as 

 
n
i

i n
i

ST
D

= . (85) 

During this time, however, all of the photoelectrons in an element may be 
recombining with the ions. When an electron comes close to an ion, the electron 
could lose energy when a photon is emitted and recombine with the ion. This 
sequence is the time reverse of photoionization. The cross section for 
recombination for hydrogen-like atoms13 as a function of the speed of the electrons 
ve is  

 
5

2

1.1 10
c

ev
σ

−×
≅ , (86) 

where the cross section is in square centimeters. Although the ions are not 
hydrogen, the upper energy levels of the oxygen and nitrogen ions, where most of 
the electrons will recombine, are hydrogen-like. The recombination rate per unit 
volume and per unit time for electrons with a velocity ve is 

 1c e c eN n n vσ= . (87) 
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ne is the number density of the electrons and n1 is the number density of the singly 
charged ions. If the electrons have a Maxwell velocity distribution for a temperature 
f(υe,T), the weighted recombination rate for the electrons is 

 
11

5 1
1

0

( , ) 2.2 101.1 10   e e
c e e

e
i

f v T n nR n n dv
v T

∞ −
− ×

= × =∫ 

 . (88) 

Thus, at the end of the time step, the number density in the element for the electrons, 
neutrals, and singly charged ions are 
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, (89) 

where the index for the element is dropped and the recombination with the doubly 
charged ions are ignored. The number densities for the neutrals and the singly 
charged ions must be greater than zero but less than the total number density N. The 
number density for the electrons can be greater than the total number density when 
there are doubly charged ions present. These limits are enforced at the end of each 
time step. 

6. Results 

The finite difference equations (Eqs. 8–16) were solved using Eq. 28 for the thermal 
conductivity for 2 cases. The initial condition for each case has the air within a 
radius of 0.1 cm with a temperature of 15,000 K at ambient density. The total 
conductivity of the arc (Fig. 11) was calculated for a current given by Eq. 21. The 
first case has no production of the photoelectrons (no PEs) and Eq. 50 for the 
electrical conductivity. The second case has the PEs and Eq. 50 for the electrical 
conductivity. The temperature and pressure at the center of the arc, the radius of the 
channel, and the position of the shock wave are compared with Akram’s results,7,8 
which include radiation transfer. Fig. 11 is the conductivity of the arc as a function 
of time when there is photoionization (PE) and when there is no photoionization 
(no PE). When there is photoionization, the atoms in the channel quickly become 
completely ionized, which results in making the channel more conductive. The total 
conductivity using Eq. 36 and no PE is also shown to simulate Akram’s results. 
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Fig. 11 Conductivity of the arc: PE (──), no PE (──), and Eq. 36 (──) 

The temperature at the center of the arc, x = 0 (Fig. 12) tends to decrease as the 
electrical conductivity increases. This is reasonable because an increase in the 
conductivity results in a decrease in the Joule heating for a given current. The 
temperature by Akram,7,8 also in Fig. 12, follows this trend. The electrical 
conductivity used by Akram (Fig. 6) is generally higher than Eq. 50, and 
presumably the inclusion of radiation transfer by Akram would also increase the 
conductivity. In comparison, using Eq. 50 with no production of photoelectrons 
resulted in a high core temperature. 

 

Fig. 12 Core temperature: PE (──), no PE (──), and Akram7 (──) 

The pressure at the center of the arc (Fig. 13) seems to be insensitive to the 
photoelectrons. In the case where there are no photoelectrons, the pressure agrees 
with the pressure according to Akram. 
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Fig. 13 Core pressure: PE (──), no PE (──), and Akram7,8 (──) 

Figure 14 shows the radius of the channel and the position of the shock wave during 
the current pulse. The radius of the channel is taken as the radius where the 
temperature is half of the temperature at the very center (Fig. 2). The position of 
the shock wave is where there is the maximum pressure (Fig. 3). The position of 
the shock wave and the radius of the channel are again close to Akram’s results 
when there are no photoelectrons. These radii are slightly reduced when 
photoelectrons are included because of the reduced Joule heating of the channel due 
to its high conductivity. 

 
Fig. 14 Radius of the channel and shock wave: PE (──), no PE (──), and Akram7,8 (──) 
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Except for the core temperature, when there is no photoionization, the present 
results agree with Akram’s results. Using the lower conductivity and omitting the 
photoionization that gave a higher core temperature for these seems to be 
comparable to the higher conductivity and the radiation transfer in Akram’s results. 
When the photoionization was included, the core temperature was reduced and the 
conductivity of the arc increased. Photoionization, however, had little effect on the 
pressure at the center, the radius of the channel, and the position of the shock wave. 

 

Fig. 15 Ion temperature (──), electron temperature (──), and relative density (──) at 25 µs 

When there is photoionization, the temperature of the electrons is different from the 
temperature of the ions and atoms. Figure 15 is a profile of the electron temperature 
and the ion temperature, which includes the atoms as well. The relative density of 
air is also included with its scale on the right side. These profiles are at a time of 
25 µs when high-temperature electrons in dense air are evident. The number density 
of these electrons, however, are relatively low, but the conductivity of the air is 
sufficient for Joule heating to be noticeable at the radius of about 1.7 cm. 

7. Conclusion 

The results of this study evaluated quantities that are accessible to measurement 
and whether they can be used to infer the mechanisms in the arc. The radius of the 
conducting channel can be measured by laser interferogram.3 The peak pressure of 
the shock wave can be measured and its position can be sensed by pressure sensors. 
These quantities, however, are nearly identical in 2 cases. In the first case,7 the 

ION

ELECTRON

DENSITY



 

Approved for public release; distribution is unlimited. 
32 

electrical conductivity was generally larger than the one given by Eq. 50 and 
included radiation transfer. The second case used Eq. 50 for the electrical 
conductivity and did not include radiation transfer and no photoionization (no PE). 
Thus, these measurements may not distinguish the 2 cases. The temperature at the 
very center is different, but this temperature is not assessable to measurement. The 
total conductivity of the arc, however, is different and assessable to measurement 
that can distinguish these 2 cases. Since the total conductivity of the arc 
conductivity is even higher than these cases when photoionization is included (PE), 
the effects of photoionization can be evaluated. Determining the high conductivity 
of an arc is difficult because it requires careful measurements and analysis of the 
current, the voltage across the arc, and the radius of the arc. 

It was assumed in the previous studies that a finite element radiates as a black body. 
This assumption was used here so that the present results can be compared with 
previous calculations. A number of assumptions were made to ease the calculation 
of the radiation transfer via photoionization while other processes were ignored. 
This assumption resulted in different temperatures for the ions and electrons. 
Eventually, these temperatures should tend to become equal to reach thermal 
equilibrium. Thus a more detailed description of the radiation transfer and the other 
processes will be included in the future. 
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List of Symbols, Abbreviations, and Acronyms 

1-D 1-dimensional 

eV electron volt 

Mb Megabarn 

N nitrogen atom 

N2 nitrogen molecule 

no PE no photoelectrons produced 

O oxygen atom 

O2 oxygen molecule 

PE photoelectrons produced 
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